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Abstract We study the problem of the optimal design of routes and frequencies in
urban public transit systems, the Transit Network Design Problem (TNDP), which
is modeled as a multi-objective combinatorial optimization problem. A new heuris-
tic based on the GRASP metaheuristic is proposed to solve the TNDP. As a multi-
objective metaheuristic, it produces in a single run a set of non-dominated solutions
representing different trade-off levels between the conflicting objectives of users and
operators. Previous approaches have dealt with the multi-objective nature of the prob-
lem by weighting the different objectives into a single objective function. The case
proposed by Mandl is used to show that the multi-objective metaheuristic is capable
of producing a diverse set of solutions, which are compared with solutions obtained
by other authors. We show that the proposed algorithm produces more non-dominated
solutions than the Weighted Sum Method with the same computational effort, using
the case of Mandl and another real test case.

Keywords Transit Network Design Problem · Multi-objective combinatorial
optimization · GRASP

1 Introduction

The planning of urban public transit systems may be decomposed in a sequence of
activities, namely, network design, frequency setting, timetable development, bus and
driver scheduling (Ceder and Wilson 1986). At the network design level a set of routes
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is defined, where each route is a sequence of links of the road network. This activ-
ity is performed in the context of strategic planning, taking decisions in a long term
horizon (Desaulniers and Hickman 2007), usually regulated by the authorities. In the
most general case, route and frequency definition has to take into account the inter-
ests of users (people who employ or need to employ public transport) and operators
(companies who own the resources to give the service). The simultaneous optimiza-
tion of the system from the viewpoints of both users and operators poses a design
trade-off. In a general sense, a better service is offered to the users in the presence
of more routes and high frequencies. But there exist upper bounds for the resources
of the service provider that make their operation profitable (fares and subsidies are
also bounded). Then a convenient trade-off level has to be established, maybe en-
tailing the evaluation of various alternative system designs. Thus, the problem of the
optimal design of routes and frequencies has an intrinsic multi-objective nature.

The Transit Network Design Problem (TNDP) aims to find a set of routes with
their corresponding frequencies for an urban public transit system, optimizing the
conflicting objectives of users and operators. The main problem data are the road
network and the demand between different points of the city. Constraints are usu-
ally related to demand satisfaction, required level of service and resource availability,
but there can be other additional constraints. Frequencies are included as decision
variables in transit network optimization models, because they also have a direct in-
fluence in the cost structure of both users and operators. The exact resolution of the
TNDP has the following difficulties, enumerated among others in Baaj and Mahmas-
sani (1991), Chakroborty (2003):

• High combinatorial complexity: Israeli and Ceder (1993) classified the problem as
a complex variant of the generalized network design problem (Magnanti and Wong
1984), which is NP-hard.

• The TNDP requires an assignment submodel: the evaluation of a given solution
(from the users viewpoint) needs a behavior model of the passengers concerning
the routes and frequencies of the solution. The assignment model of passengers
to routes (or simply assignment model) specifies how the demand is distributed
among a given set of routes, and its solution constitutes a hard problem by it-
self (Desaulniers and Hickman 2007), in this case posed as a subproblem of the
TNDP.

• Multi-objective nature: the existence of conflicting objectives adds complexity to
the problem, either in the a priori estimation of the relative importance of the
objectives, or in the calculation of several solutions with different trade-off levels
between the conflicting objectives.

The combinatorial complexity of the TNDP has been tackled in the existing litera-
ture almost exclusively by means of inexact methods. Complete enumeration of fea-
sible solutions is prohibitively expensive; mathematical programming formulations
exist only for simplified versions of the problem (Borndörfer et al. 2007; Wan and
Lo 2003). The first algorithms published for the TNDP were heuristics (Axhausen
and Smith 1984; Baaj and Mahmassani 1995; Mandl 1980; Silman et al. 1974).
Lately, several applications of metaheuristics have been proposed, most of them us-
ing Genetic Algorithms with different coding schemes (Ngamchai and Lovell 2003;
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Rao Krishna et al. 2000; Tom and Mohan 2003), Tabu Search (Fan and Machemehl
2008), GRASP (Mauttone and Urquhart 2004) and Simulated Annealing (Fan and
Machemehl 2006).

The assignment models generally used in the context of the TNDP aim to give
a realistic representation of the interaction between passengers and buses; but their
complexity must be kept bounded given the impact they have in the overall efficiency
of the optimization algorithms. The most used approaches are all-or-nothing assign-
ment (Ngamchai and Lovell 2003), common lines and transfers (Baaj and Mahmas-
sani 1990), and detailed network treatment (Fan and Machemehl 2008).

Multi-objective optimization problems require a different treatment than single-
objective ones. Instead of having a single optimal solution, they have a set of dif-
ferent non-dominated solutions which represent different trade-off levels among the
conflicting objectives. In order to identify a single solution from that set, additional
information (usually provided by a decision maker) is required, concerning the rel-
ative importance of the conflicting objectives. There are several ways to take into
account this information in the overall multi-objective optimization process (Ehrgott
and Gandibleux 2002), namely: (i) in the a priori mode the preferences among differ-
ent objectives are known at the beginning of the process and the optimization tech-
nique uses this information to find an optimal solution, (ii) in the a posteriori mode
the information from the decision maker is used to analyze a set of non-dominated
solutions previously generated, (iii) in the interactive mode preferences are intro-
duced during the process, which alternates computing steps with preference setting,
requiring a high participation level of the decision maker.

Most of the previous work on the TNDP have considered the multi-objective na-
ture of the TNDP by using an a priori estimation of a vector of weights to express
a particular trade-off level between the conflicting objectives (Baaj and Mahmassani
1991; Fan and Machemehl 2008; Ngamchai and Lovell 2003; Rao Krishna et al.
2000; Tom and Mohan 2003). The a posteriori mode has been adopted only in Israeli
and Ceder (1993) and Mauttone and Urquhart (2004). To the best of our knowledge
no interactive multi-objective optimization method has been applied to the TNDP.

All the existing metaheuristic based algorithms for the TNDP (with the exception
of (Mauttone and Urquhart 2004)), solve a single-objective optimization problem by
summarizing the different objectives in one by using a vector of weights. In recent
years, a growing amount of work has been published about metaheuristics specially
designed for multi-objective combinatorial optimization problems. This type of algo-
rithms has been denominated as multi-objective metaheuristics and they are defined
by different authors as: methods that aim at generating a good set of non-dominated
solutions in a single run (Jaszkiewicz 2004), and algorithms that deal with the mul-
tiple objectives directly (Ehrgott and Gandibleux 2004). The basic idea of multi-
objective metaheuristics is to adapt the mechanisms of their original single-objective
counterparts to handle effectively and efficiently multi-objective optimization prob-
lems (Coello 2000; Ehrgott and Gandibleux 2000; Ehrgott and Gandibleux 2004;
Moz et al. 2009).

In this paper, we present a heuristic based on the GRASP metaheuristic (Feo and
Resende 1995; Resende and Ribeiro 2003) to solve the TNDP with a multi-objective
approach (i.e. adopting the a posteriori mode). It allows to obtain in a single run,
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a set of non-dominated solutions representing different trade-off levels between the
conflicting objectives. It differs from a previous GRASP based algorithm developed
by the same authors (Mauttone and Urquhart 2004), since its construction and local
search components are completely different. The algorithm proposed in this paper
uses the Pair Insertion Algorithm (Mauttone and Urquhart 2009) to construct a set of
routes, and a neighborhood definition that is used to search for a near optimal set of
frequencies for a particular trade-off level. The assignment model of Baaj and Mah-
massani (1990) is used to distribute the demand among the routes of a given solution
and to calculate some variables needed by the optimization procedure. The proposed
methodology is tested with the benchmark test case proposed by Mandl (Baaj and
Mahmassani 1991) and the case relative to the city of Rivera, Uruguay (Mauttone
and Urquhart 2009). Existing and proposed measures are calculated for different non-
dominated solutions in order to show the ability of the proposed algorithm to gener-
ate a diverse set of solutions; these measures may be useful for the decision maker.
The obtained solutions are compared (in terms of objective values) with solutions
published in the literature. Moreover, we show that the multi-objective metaheuristic
algorithm produces more non-dominated solutions than its single-objective version
used as a subroutine in the Weighted Sum Method (Deb 2001), with the same com-
putational effort.

The paper is organized as follows. We formally state the problem and used notation
in Sect. 2 and present the adopted multi-objective approach in Sect. 3. Details of
the GRASP implementation are given in Sect. 4. Numerical results are presented in
Sect. 5, and finally some conclusions and future work are formulated in Sect. 6.

2 Problem definition and notation

Our model is inspired in the work of Baaj and Mahmassani (1991). We model the net-
work that enables the definition of routes as an undirected graph G = (N,E), where
N is the set of vertices (|N | = n) and E is the set of edges representing connections
between vertices. The cost ce of an edge e = (i, j) ∈ E models the in-vehicle travel
time, i.e., the time spent by vehicles to travel between vertices i and j . This cost is
the same for every route that uses edge e, and it is independent of the occupation
level of the vehicles. An origin-destination matrix D = {dij , i, j ∈ [1..n]} is given,
which characterizes the demand; dij denotes the demand from vertex i to vertex j ,
expressed in trips per time unit in a given time horizon (to be accomplished by one
passenger that will occupy one place in a vehicle). A route is a sequence of adjacent
vertices in G. Since it is composed by undirected edges, it has forward and back-
ward directions. A solution S for the TNDP is a pair (R,F ) where R = {r1, . . . , r|R|}
is the set of routes and F = {f1, . . . , f|R|} is the set of frequencies; each fk is a
real value that represents the inverse of the time between subsequent vehicles on
route rk . We denominate line k to the pair (rk, fk). Given a solution S, the assign-
ment model produces a set of corresponding flows �(S) = {�1(S), . . . ,�|R|(S)},
which express the distribution of the demand D among the lines of S. We define
�k(S) = {−→φ e,k,

←−
φ e,k, e ∈ rk} as the set of flows in route rk , where

−→
φ e,k and

←−
φ e,k

are forward and backward flow in edge e in route rk , respectively. Flows are expressed
in the same units as the origin-destination matrix D.
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The conflicting objectives of users and operators are modeled with functions Z1
and Z2, respectively, which have to be minimized simultaneously.

Z1(S) =
n∑

i=1

n∑

j=1

dij (tvij + twij + ttij ) (1)

expresses the overall time needed to transport the users between their corresponding
origin and destination vertices. It has three components: in-vehicle travel time tv,
waiting time tw and transfer time tt. These values are determined by the assignment
model; tvij is calculated using the costs of the edges of G that are used by lines in
S connecting vertices i and j ; twij depends on the frequencies of these same lines;
ttij is a penalty (expressed in time units) which represents the discomfort of transfers
from the users viewpoint (we define σt as the penalty of each demand unit which has
to perform transfers).

The objective of the operators is usually profit maximization, which under the hy-
pothesis of fixed demand (and therefore fixed revenue) is equivalent to cost minimiza-
tion. Real operators’ costs are difficult to express in a general sense, as they depend
on each particular case (type of fare, existence of subsidy, etc.). For this reason we
use the number of simultaneously operating vehicles (fleet size) needed to operate
the routes with given frequencies in a solution S, as a proxy for the operators’ costs,

Z2(S) =
∑

rk∈R

fktk, (2)

where tk = 2
∑

e∈rk
ce is the total duration (round-trip time) of route rk . Observe

that Z2 represents an important component of the operator cost, since it is directly
proportional to bus mileage and driver time.

For a given solution S = (R,F ), we define D0(S) ∈ [0,1] as the proportion of
the total demand Dtot = ∑n

i=1
∑n

j=1 dij satisfied by routes R directly (without trans-
fers), independently of frequencies F . Analogously, D01(S) is the proportion of Dtot
satisfied by routes R directly or indirectly (one transfer, at most), independently of F .
Dmin

0 and Dmin
01 are constant values, which constrain D0(S) and D01(S), respectively,

as

D0(S) ≥ Dmin
0 , (3)

D01(S) ≥ Dmin
01 . (4)

We consider lower and upper values for frequencies, fmin and fmax, respectively.
While the former takes care of the level of service offered to the users, the latter
represents a limit imposed by the operational possibilities of the transit mode. These
constraints are expressed as

fmin ≤ fk ≤ fmax ∀fk ∈ F. (5)

The maximum load factor constraint imposes an additional condition for the frequen-
cies. It is expressed as

fk ≥ φ∗
k

ωmaxQ
∀fk ∈ F, (6)
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where φ∗
k = max �k(S) is the critical flow in route rk and Q is the seating capacity

of vehicles. The given constant ωmax ≥ 1 is the maximum load factor in vehicles, ex-
pressing a tolerance in the number of standing passengers. According to this, ωmaxQ

is the maximum allowed capacity of vehicles.
We denominate as P the problem defined by the simultaneous optimization of

objective functions (1) and (2), under constraints (3)–(6).

3 Multi-objective approach

Given the multi-objective nature of problem P , it does not have a single optimal
solution S∗; instead it has a set of Pareto optimal solutions P ∗, called optimal Pareto
front (Deb 2001). The optimal Pareto front of a multi-objective optimization problem
is the non-dominated set of the whole set C of feasible solutions. The non-dominated
set of a given set C is conformed by all solutions that are not dominated by other
solution in C. A solution S1 dominates another solution S2 if S1 is no worse than S2
in all objectives and S1 is strictly better than S2 in at least one objective. If any of
these two conditions is not true, then S2 is not dominated by S1. When we refer to
elements in the feasible set C, we are dealing with the decision space, i.e., the space
where variables take values. On the other hand, domination is defined according to
the values of the objective functions evaluated over solutions of C in the objective
space. In the context of the TNDP, the decision space is conformed by all sets of
routes with frequencies satisfying constraints (3)–(6). The objective space is a two
dimensional space defined by functions Z1 and Z2.

Problem P can be classified according to (Ehrgott and Gandibleux 2000) as a
multi-objective combinatorial optimization (MOCO) problem. The discrete nature of
the variables that represent the structure of routes gives the combinatorial charac-
teristic. The conflicting objectives represented by functions (1) and (2) result in the
existence of a set of Pareto optimal solutions instead of a single optimal solution.
Note that other conflicting objectives could be considered, such as those related to
land use and emissions. However, additional (sub)models and therefore additional
data will be required in that case.

The multi-objective nature of the TNDP as it is posed by objective functions (1)
and (2) (or by similar formulations), has been tackled by the following approaches in
the existing literature:

• Making an a priori estimation of the relative importance of the conflicting ob-
jectives in the form of a vector of weights, and then solving a single-objective
optimization problem (Ngamchai and Lovell 2003; Rao Krishna et al. 2000;
Tom and Mohan 2003). Some authors suggest that by varying the values of these
weights, a set of solutions with different trade-off levels can be obtained (Baaj and
Mahmassani 1991).

• Calculating a set of non-dominated solutions and selecting a posteriori a single
one (Israeli and Ceder 1993; Mauttone and Urquhart 2004).

According to Ehrgott and Gandibleux (2000), the interactive multi-objective opti-
mization method is the most used in solving practical problems. However, to the best
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of our knowledge it has not been published any application of this method to the
TNDP.

A priori setting of weights requires estimating coefficients whose role in the op-
timization model is twofold, namely: (i) expressing the relative importance between
the objectives, and (ii) conversion between different units of the objective functions
Z1 and Z2 (time and buses, respectively). No explicit method to set these coefficients
is given in the literature related to the TNDP. In this work we adopt the a posteriori
mode (Ehrgott and Gandibleux 2002) (formerly applied in Israeli and Ceder (1993),
Mauttone and Urquhart (2004)), that we call multi-objective approach for the TNDP.
We propose an algorithm to find a set of non-dominated solutions which can be used
in subsequent steps by the decision maker, either to select a single non-dominated
solution, to compare the solutions with an existing solution or to evaluate alternative
solutions.

3.1 Multi-objective metaheuristics

The exact solution of P involves finding all its Pareto optimal solutions (Ehrgott
and Gandibleux 2002). Most MOCO problems are proven to be NP-hard as well as
#P-hard (this is true even for problems which have efficient algorithms in the single-
objective case) (Ehrgott and Gandibleux 2004). This implies that it is unlikely that
a polynomial time algorithm exists to exactly solve them, and even to count the el-
ements of the optimal Pareto front. Also from a practical viewpoint, it may not be
convenient to bring all the Pareto optimal solutions to the decision maker. Sayin and
Kouvelis (2005) present a method to overcome this difficulty in bi-objective discrete
optimization problems. However, it requires an exact method for solving the associ-
ated single-objective optimization problem.

In this paper we present an algorithm that is approximate in two senses: (i) it pro-
duces a set of non-dominated solutions representing different trade-off levels between
the objective functions (however, other non-dominated solutions may be missing),
(ii) there is no guarantee of Pareto optimality for each solution found. The algorithm
is a multi-objective metaheuristic; therefore, it produces in a single run an approxi-
mated Pareto front for P .

The main algorithmic difference of multi-objective metaheuristics with respect
to their single-objective counterparts is the adopted search mechanism to obtain an
approximated Pareto front. In multi-objective optimization, the goals of an inexact
algorithm are two, namely (Deb 2001): (i) closeness: one seeks to find solutions
which are close to the optimal Pareto front, (ii) diversity: one also wants to obtain
a set of non-dominated solutions which covers different areas of the objective space,
representing a diverse set of trade-off levels between the conflicting objectives. On
seeking closeness and diversity, specially designed search mechanisms are needed,
which have to deal with both decision and objective spaces. Surveys on this topic can
be found in Coello (2000) and Ehrgott and Gandibleux (2004).

3.2 Multi-objective GRASP for the TNDP

GRASP (Greedy Randomized Adaptive Search Procedure (Feo and Resende 1995;
Resende and Ribeiro 2003)) is a metaheuristic for combinatorial optimization prob-
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lems, consisting of the repeated execution of a solution construction procedure fol-
lowed by a local search. The construction is performed using a greedy criterion, by
adding iteratively to a solution, elements which are randomly selected from a candi-
date list. The local search requires the definition of a neighborhood structure, through
which to successively advance in the direction of improvement of the objective func-
tion. The sequence of construction and local search (GRASP iteration) is repeated a
given number of times, obtaining different trajectories in the feasible space. Finally,
the best found solution is returned.

In this work we adapt GRASP to solve the TNDP with a multi-objective approach.
Existing adaptations of GRASP for MOCO problems can be found in Baldoquín
(2002), Gandibleux et al. (1998), Higgins et al. (2008), Li and Landa-Silva (2009),
Vianna and Arroyo (2004). The general structure of the proposed algorithm, that we
call GRASP TNDP, is the following (implementation details are given in Sect. 4):

• The construction procedure uses the Pair Insertion Algorithm (Mauttone and
Urquhart 2009). It generates a set of routes R, which satisfies constraints (3) and
(4) of the optimization problem P . Routes are constructed by using shortest paths
between vertices in G and then inserting additional pairs of vertices in them.

• The local search calculates a near optimal set of frequencies F , according to con-
straints (5) and (6), for a given trade-off level between the conflicting objectives
represented by functions (1) and (2). This procedure takes a random vector of
weights and uses a neighborhood structure to advance in the direction of improve-
ment of a single composite objective function. The neighborhood of a solution is
defined by varying its frequencies in a predetermined set.

In this way, at each GRASP iteration, different points in both decision and objec-
tive spaces are sampled. Different trade-off levels are obtained by varying from one
GRASP iteration to another, parameters of maximum route duration tmax at the con-
struction procedure and a random vector of weights λ at the local search (Sect. 4). All
solutions of the trajectory of the local search are added to the set of potentially non-
dominated solutions under construction P . At the end of each GRASP iteration, all
dominated solutions in P are deleted. The assignment model of Baaj and Mahmas-
sani (1990) is used to load the demand onto a given solution S, to evaluate objective
function Z1(S) and to verify frequency feasibility according to constraint (6).

4 The algorithm

When we instantiate the GRASP metaheuristic for a particular application, we have
to tailor all its problem dependent aspects. The construction algorithm has to be spec-
ified, which entails to specify how to build the list of candidate elements to be added
to the solution under construction, how these elements are ranked at each step of the
construction according to a required adaptive greedy function, how to construct the
restricted candidate list, and how the elements are selected from that list. For the local
search, a neighborhood structure and its exploration strategy have to be defined. Also
a stopping rule is required.
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4.1 Construction algorithm

We use the greedy randomized variant of the Pair Insertion Algorithm (PIA), which
produces a set of routes for the TNDP. Here we present its relevant aspects, more
details can be found in Mauttone and Urquhart (2009). The construction algorithm
(Fig. 1) starts with an empty set of routes R, and iteratively seeks to satisfy the de-
mand specified by the origin-destination matrix D. At each iteration step, a restricted
candidate list rcl is constructed by selecting the α|l| pairs of vertices (i, j) with high-
est demand dij in l, where α ∈ [0..1] is a real-valued parameter of GRASP and l is a
list made of all pairs of vertices whose demand is not yet satisfied (directly) by routes
in R. The pair of vertices (u, v) is randomly selected from rcl, and its corresponding
demand duv is satisfied according to one of the two following cases:

1. Creating a new route, using the shortest path between u and v in G, measured in
in-vehicle travel time.

2. Inserting vertices u and v in convenient positions of a convenient route of R. We
evaluate the cost of insertion of both u and v between all pairs of consecutive ver-
tices in routes of R. The most convenient route and the most convenient positions
for insertion of vertices u and v on it are those which minimize the cost increase
in the solution under construction, measured in terms of in-vehicle travel time.

The lowest cost increase due to insertion of vertices u and v in a route of R according
to case 2 is compared with the cost of the shortest path between u and v according to
case 1; the best (less costly) case is selected and the algorithm proceeds.

procedure Construction(in Dmin
0 , Dmin

01 , in ρmax, tmax, in α, out R);
R ← ∅; D0(S) ← 0; D01(S) ← 0;
l ← List of pairs of vertices (i, j) of G with dij 
= 0;

while D0(S) < Dmin
0 or D01(S) < Dmin

01 do
rcl ← Construct according to α and l;
(u, v) ← Select randomly from rcl;
r ← Create a route with the shortest path between u and v in G;
r ′ ← Create a route by inserting u and v in the most convenient

positions in the most convenient route r ′′ in R;
if cost(r) < cost(r ′) − cost(r ′′) then

R ← R ∪ {r};
Delete from l pairs of vertices whose demand is covered directly by r ;

else
R ← R ∪ {r ′} − {r ′′};
Delete from l pairs of vertices whose demand is covered directly by r ′;

end if;
Update D0(S) and D01(S);

end while;
Filter routes in R;
return R;

end Construction;

Fig. 1 Construction algorithm
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procedure LocalSearch(in λ, in S, in out P );
current ← S;
P ← P ∪ {current};
stop ← false;
repeat

S′ ← FirstImprovement(current, λ);
if S′ better than current then

current ← S′;
P ← P ∪ {current};

else
stop ← true;

end if;
until stop;
return P ;

end LocalSearch;

Fig. 2 Local search

Two constraints are imposed in routes under construction: maximum duration tmax
and maximum circuity factor ρmax. The circuity factor of a route r with extreme
vertices u and v is defined in Baaj and Mahmassani (1995) as the ratio between the
in-vehicle travel time between u and v using r , and the cost of the shortest path
between u and v in G (independently of any route). The construction of the solution
ends when constraints (3) and (4) are satisfied. The algorithm finally performs an
operation that filters routes that are completely included in another.

4.2 Local search

The local search operates with the set of frequencies F = {f1, . . . , f|R|} of a solution
S = (R,F ); this means that only frequencies are decision variables in this phase
(Fig. 2). The domain of frequencies is discretized in the set 	 = {θ1, . . . , θ|	|} ∈
R

|	|, a given parameter that is sorted in increasing order, satisfying θ1 ≥ fmin and
θ|	| ≤ fmax. The neighborhood NS of S is obtained by varying the frequency of
every route in S. A solution S′ is a neighbor of S if both solutions have exactly
the same routes, they differ in the frequencies of one route and these frequencies are
consecutive values in 	.

According to this neighborhood definition, the local search algorithm evaluates
the costs of increasing or decreasing the frequencies in all routes of solution S. At
each step of the local search, the cardinality of NS can be at most 2|R|. However,
this number can be smaller when there are routes with frequencies in an extreme of
the set 	. The local search receives a random vector of weights λ = (λ1, λ2) and
successively moves forward to the neighbor which minimizes the composite objec-
tive function λ1Z1 + λ2Z2, using a first improving strategy (Resende and Ribeiro
2003). This means that whenever a neighbor that improves the objective value of the
current solution is found, the exploration of the neighborhood is terminated and the
local search proceeds towards its next step. The evaluation of each neighbor solu-
tion involves an invocation to the algorithm that implements the assignment model
(Sect. 4.4). Solutions that violate constraint (6) are discarded.
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procedure GRASP_TNDP(in Dmin
0 , Dmin

01 , in ρmax, t ini
max, tend

max,
in NumIterations, α, out P );

Calculate shortest paths between all pairs of vertices in G;
P ← ∅;
for i = 1 to NumIterations do

tmax ← Random uniform value in [t ini
max, t

end
max];

Construction(Dmin
0 ,Dmin

01 , ρmax, tmax, α,R);
F ← Initial frequencies;
S ← (R,F );
λ ← Random vector of weights;
LocalSearch(λ,S,P );
Delete dominated solutions of P ;

end for;
return P ;

end GRASP_TNDP;

Fig. 3 GRASP TNDP algorithm

4.3 GRASP TNDP

Figure 3 presents a pseudo code of the GRASP TNDP algorithm. It begins by cal-
culating the shortest path between all pairs of vertices in G. This is done just once,
independently of the GRASP iterations, because the cost of the edges of G are con-
sidered as constant, not depending on the flows produced by different solutions. The
maximum duration of routes tmax is determined at each GRASP iteration by sampling
a random uniform value in the real interval [t ini

max, t
end
max] (given parameters). This idea

is applied to obtain diverse solutions, each having internally homogeneous charac-
teristics, all routes having approximately the same duration. The initial frequency of
every route in R is set as the maximum value of the set 	; thus we try to find an
initial solution that is feasible with respect to constraint (6). The random vector of
weights λ = (λ1, λ2) is determined by sampling a random uniform value in the real
interval [0,1] for λ1 and then setting λ2 = 1 − λ1.

4.4 Assignment submodel

The assignment model of Baaj and Mahmassani (1990) is used to load the demand D

among the lines of a given solution S; it is needed in order to calculate Z1(S) and to
verify constraint (6). Main assumptions of the model concerning the behavior of the
passengers are the following:

• The main interest of the passengers is to minimize the number of transfers.
• In case of existence of different lines connecting the same OD pair (pair of vertices

with no null demand), its corresponding demand is distributed among these lines,
in proportion with their frequencies.

The model performs an explicit enumeration of the different routes connecting
every OD pair, including transfers if necessary. It does not consider congestion effects
neither in the calculation of in-vehicle travel time tv (which is calculated in terms of
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fixed cost ce on edges e) nor the waiting time tw (solutions lacking bus capacity are
discarded). Calculations are performed as follows, for OD pair (i, j). Let Rij be the
set of routes connecting i and j ; assume that it is not empty, therefore transfers are
not needed. Let pk

ij be the proportion of the demand dij assigned to route rk ∈ Rij ,
defined as

pk
ij = fk∑

rm∈Rij
fm

,

which is used to update the following values:

• tvij ← ∑
rk∈Rij

pk
ij t

k
ij , where tkij is the in-vehicle travel time from i to j using rk ,

• twij ← 1/(2
∑

rk∈Rij
fk),

• φe,k ← φe,k +pk
ij dij for each edge e of each route rk ∈ Rij that is used to transport

the demand dij . Since flows are directed, only forward
−→
φ e,k or backward

←−
φ e,k

flows are updated in this calculation.

If set Rij is empty, transfers are considered; corresponding calculations are similar
to the case without transfers. Transfer time ttij is set to σt in order to penalize each
transfer performed by demand dij .

5 Numerical results

We test the GRASP TNDP algorithm with the following scope:

1. Investigate whether the proposed algorithm produces a set of diverse non-
dominated solutions for the TNDP (Sect. 5.1). Some descriptive measures are
calculated in order to illustrate the diversity of the obtained results. Also these
measures may be useful to the decision maker.

2. Compare the results of GRASP TNDP with other results published in the literature
(Sect. 5.2).

3. Compare the relative efficiency of the multi-objective algorithm with respect
to a single-objective variant, used as subroutine in the Weighted Sum Method
(Sect. 5.3).

We use two test cases to perform the experiments:

• Mandl, taken from Baaj and Mahmassani (1991). Its corresponding graph has 15
vertices and 21 edges representing a real city. Its origin-destination matrix is very
dense, having 76% of non-zero elements. The case proposed by Mandl has been
used as benchmark instance by several authors who studied the TNDP (Baaj and
Mahmassani 1991; Rao Krishna et al. 2000; Zhao and Zeng 2008).

• Rivera, constructed by the authors Mauttone and Urquhart (2007, 2009). It corre-
sponds to a small city of 65,000 inhabitants in Uruguay. Its graph has 84 vertices
and 143 edges and its origin-destination matrix was obtained from real data, having
5% of non-zero elements.

We note the difficulty of performing a comprehensive experimental study over a set
of many different test cases of the TNDP. Both model and algorithm proposed on this
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Table 1 Parameter configuration

Parameter Mandl Rivera Units

Dmin
0 0.5 1.0 –

Dmin
01 1.0 1.0 –

t ini
max 40 40 minutes

tend
max 120 120 minutes

σt 5 5 minutes

Q 40 28 seats

ωmax 1.25 1.50 –

ρmax 1.5 1.5 –

fmin 1/60 1/60 vehicles/minute

fmax 1/2 1/2 vehicles/minute

α 0.2 0.2 –

work have several parameters which must be set or adjusted in order to perform the
experiments in a realistic and coherent scenario.

The used parameter configuration is shown in Table 1; the values were set as fol-
lows. Dmin

01 is set in order to satisfy the whole demand. For Mandl we set Dmin
0 = 0.5

in order to compare with results published in the literature; for Rivera we set
Dmin

0 = 1.0 as in Mauttone and Urquhart (2009), since in the city the whole demand
is satisfied without transfers (note that it is a strong requirement on demand satis-
faction). Both extremes of tmax were set with reasonable values for the dimensions of
both cases and their values of travel time (represented by the costs of the edges). Para-
meters σt , Q and ωmax are taken from Baaj and Mahmassani (1991) for Mandl, while
for Rivera we use the values of Q and ωmax suggested in Mauttone and Urquhart
(2007). The value of ρmax is suggested in Baaj and Mahmassani (1995). We use real-
istic values for frequency range and set of frequency values. The domain of frequen-
cies was discretized in the set 	 = {1/60,1/50,1/40,1/30,1/20,1/10,1/5,1/2}.
The α parameter was previously adjusted. The algorithm was coded in C++ and all
tests were carried out on a Pentium 4 PC, with a 2 GHz processor and 2 GB of RAM.

5.1 Results of GRASP TNDP

The execution of the GRASP TNDP algorithm for the case of Mandl with parame-
ter configuration given in Table 1 and 1000 GRASP iterations took 245 seconds and
produced an approximated Pareto front composed by 96 non-dominated solutions.
Table 2 shows for 10 solutions (selected as representative points from different re-
gions of the front), the corresponding values of Z1 (along with its components tv, tw
and tt), Z2, number of routes |R| and averaged values over each route of headway
1/f and duration t ; values of the last two columns are expressed in minutes.

From Table 2 we can observe that a wide range of trade-off levels between the
conflicting objectives is covered, specially when looking at column Z2 (fleet size).
The trade-off can be characterized by the values of the number of routes and the
average of the route headway. In this way, although there is no monotonic tendency,
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Table 2 Results of GRASP TNDP

Solution Z1 tv tw tt Z2 |R| 1/f t

1 122.96 110.76 7.44 4.76 189.00 10 2 38

2 133.01 114.84 13.23 4.93 84.00 6 4 44

3 138.55 113.64 19.98 4.93 61.80 6 6 44

4 147.44 117.87 24.89 4.69 38.80 4 5 49

5 159.88 119.47 35.65 4.76 27.00 3 8 67

6 172.33 116.66 52.26 3.40 19.30 4 15 63

7 185.68 121.54 58.28 5.87 14.40 3 13 59

8 221.43 122.87 94.25 4.31 9.20 3 20 61

9 279.99 121.01 149.40 9.58 6.10 5 32 35

10 381.37 119.07 253.24 9.06 4.08 6 52 34

we can say that solutions with low cost for the users (and therefore with high cost
for the operators) are characterized by high values of |R| and low values of 1/f , and
vice versa. Moreover, we can observe that variation along the Pareto front is higher
in the waiting time component than in the in-vehicle travel time component of Z1.

We also present several measures that are used to illustrate how diverse the results
produced by the algorithm are. Two of them are relative to distances to lower bounds
from the users viewpoint ((7) and (8)) and the other two are relative to the utilization
of buses. All these measures may be used by the decision maker as a guide in the
selection of one non-dominated solution or in the evaluation of an existing one.

From Baaj and Mahmassani (1991) we take the idea of an optimal route set from
the users viewpoint, which allows every pair of vertices (i, j) to transport its demand
dij along the shortest path in G (independent of any route), with cost t∗ij . According
to this, a lower bound for in-vehicle travel time is defined as

tv∗ =
n∑

i=1

n∑

j=1

dij t
∗
ij . (7)

We propose an analog definition of lower bound for the waiting time. An optimal
frequency set from the users viewpoint can be defined when every pair of vertices
is served by a route with frequency equals to fmax. This is actually a pseudo lower
bound, since there can exist solutions where some pairs of vertices are served by
more than one route with the maximum frequency (see Sect. 4.4 for an explanation
on waiting time calculation).

tw∗ =
n∑

i=1

n∑

j=1

dij

2fmax
(8)

Table 3 shows for the same solutions of Table 2, values of distances from tv and
tw to tv∗ and tw∗, respectively, where the distance from a value v to its lower bound
v∗ is defined as dist(v, v∗) = (v − v∗)/v∗. Table 3 also shows measures relative to
the utilization of buses, averaged over each route, namely:
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Table 3 Results of GRASP TNDP, additional measures

Solution dist(tv, tv∗) dist(tw, tw∗) �̄ �∗

1 0.02 −0.31 0.01 0.02

2 0.06 0.22 0.03 0.04

3 0.05 0.85 0.04 0.06

4 0.09 1.30 0.07 0.09

5 0.10 2.30 0.11 0.17

6 0.08 3.83 0.13 0.19

7 0.12 4.39 0.19 0.26

8 0.14 7.72 0.34 0.44

9 0.12 12.82 0.47 0.62

10 0.10 22.43 0.70 0.92

• Mean utilization �̄, defined for each route rk as φ̄k/(fkQ), where

φ̄k =
∑

e∈rk
(
−→
φ e,k + ←−

φ e,k)ce

2
∑

e∈rk
ce

.

• Critical utilization �∗, defined for each route rk as φ∗
k /(fkQ).

In Table 3 we can observe that the trade-off level between the conflicting objectives
also can be characterized by values of distances to lower bounds and utilization of
buses. In this way, solutions with low cost for the users are characterized by low
values of all these four measures, and vice versa.

The distance to the lower bound in the in-vehicle travel time component is no
greater than 0.14. Nevertheless, the distance to the lower bound in the waiting time
component is up to 22.43. We can observe that the solution with lowest cost for the
users present a negative value in dist(tw, tw∗), since tw∗ is actually a pseudo lower
bound; that solution has a high average of frequencies (see column 1/f in Table 2).
It is worth mentioning that this is rather a theoretical result, since from a practical
viewpoint it may not be possible to operate several lines with high frequencies on the
same edge of the network.

Moreover, we can observe that values of both mean and critical utilization of buses
are lower than 1.00 for all solutions. Maximum critical utilization is shown by solu-
tion 10; this value can not be greater than the level specified by the maximum load
factor parameter ωmax, 1.25 for the case of Mandl.

5.2 Comparison with results published in the literature

In this section we compare the results of GRASP TNDP with results published by
Baaj and Mahmassani (1991) using the benchmark test case of Mandl. Although other
authors (Zhao and Zeng 2008) have used the same case the results are not comparable
because they solve a different optimization problem. Note that since the comparison
is done in terms of objective values, also the same assignment model should be used.



268 A. Mauttone, M.E. Urquhart

The results of Baaj and Mahmassani were obtained using a greedy algorithm
(Route Generation Algorithm) followed by a local improvement phase (Route Im-
provement Algorithm); the solutions were evaluated using the Transit Route Analyst
algorithm (Baaj and Mahmassani 1990), which implements the assignment model
described in Sect. 4.4. These algorithms solve the same optimization problem con-
sidered in this paper (except for the upper limit on frequency range fmax which is not
considered in Baaj and Mahmassani (1991)); the difference is the adopted approach
to handle the multi-objective aspect of the problem. We use the same parameter con-
figuration except for fmin which is not specified in Baaj and Mahmassani (1991). We
note that the algorithms of Baaj and Mahmassani do not perform an explicit search
on the domain of frequencies, which are set as the minimum value that satisfies con-
straint (6) of maximum load factor for each route.

Figure 4 shows the Pareto front obtained by GRASP TNDP (Sect. 5.1) as well
as the two solutions (BM) obtained by Baaj and Mahmassani for Dmin

0 = 0.5. The
values of Z1 published in Baaj and Mahmassani (1991) were scaled in order to use
the same units, since they are calculated directly from the origin-destination matrix
expressed in trips per day, while we use the values expressed in trips per minute.
We can observe that solutions BM are dominated by solutions of GRASP TNDP.
Moreover, solutions BM are concentrated on a particular level of trade-off between
the conflicting objectives. It is worth mentioning that without additional informa-
tion we can not state which part of the Pareto front corresponds to practicable solu-
tions.

Fig. 4 Comparison with results of Baaj and Mahmassani
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5.3 Comparison with the Weighted Sum Method

The aim of this experiment is to study the computational efficiency of the proposed
multi-objective approach to the TNDP. We compare the performance of the multi-
objective algorithm with a single-objective version of it. We use the Weighted Sum
Method (Deb 2001) as reference for comparison since it is a straightforward way to
obtain a set of non-dominated solutions using an approach that formulates a weighted
sum of objectives (most existing models in the literature for the TNDP). When ap-
plied to problem P (Sect. 2), the Weighted Sum Method consists in minimizing the
objective function (9) under constraints (3)–(6), for a given set of different vectors of
weights λ = (λ1, λ2),

Z(S) = λ1Z1(S) + λ2Z2(S) . (9)

We implemented a single-objective version of the GRASP TNDP algorithm presented
in Sect. 4, to be used as subroutine in the classical Weighted Sum Method. The single-
objective algorithm differs from its multi-objective counterpart in the following as-
pects:

• It produces a single solution at every run.
• It receives a vector of weights λ = (λ1, λ2), where λ1 + λ2 = 1, representing the

relative importance between the conflicting objectives Z1 and Z2, which is used for
setting tmax = t ini

max + λ2(t
end
max − t ini

max) in the construction procedure (for all GRASP
iterations) and composing a single objective function Z = λ1Z1 +λ2Z2 in the local
search.

In order to compare both algorithms we proceed as follows. The single-objective
algorithm is run for m different vectors of weights (evenly distributed in the inter-
val [0,1]), each run having the same number of GRASP iterations (NumIterations).
Then, for the (multi-objective) GRASP TNDP we assign a number of GRASP iter-
ations equal to m × NumIterations; thus, both algorithms execute the same number
of construction and local search phases, representing somehow the same computa-
tional effort. We run both algorithms for different combinations of m and number of
GRASP iterations. For each combination we calculate the non-dominated set of the
result of merging the Pareto fronts produced by both algorithms. The number of sur-
viving solutions from this process is presented in Table 4, where each entry shows for
the cases of Mandl and Rivera: (a) number of solutions coming from the Weighted
Sum Method (WS), (b) number of solutions coming from the multi-objective ap-
proach (MO) and (c) the ratio a/b, as a measure of relative efficiency (re) of WS. For
each test case, the last row of its corresponding part of the table shows the overall
relative efficiency of WS calculated as the average of all re over the different values
of m for a given value of GRASP iterations.

The main conclusion from these results is that MO produces more non-dominated
solutions than WS, with the same computational effort. Note that without additional
information it is not possible to determine which solutions are better than others,
since all of them are non-dominated. We know that the fleet size (objective func-
tion of the operators Z2) of the public transportation system of Rivera was 23 when
the data was collected (Mauttone and Urquhart 2007); this brings us information to
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Table 4 Results of Weighted Sum Method and multi-objective approach

Number of GRASP iterations

m 10 50 100 200 500

Mandl

2 1 34 0.029 2 46 0.043 2 46 0.043 2 67 0.030 1 88 0.011

5 3 35 0.086 5 50 0.100 5 68 0.074 4 86 0.047 3 118 0.025

10 3 43 0.070 7 69 0.101 7 83 0.084 8 95 0.084 8 124 0.065

avg. re 0.062 0.082 0.067 0.054 0.034

Rivera

2 2 174 0.011 2 228 0.009 2 242 0.008 2 265 0.008 2 288 0.007

5 5 190 0.026 5 235 0.021 5 252 0.020 5 272 0.018 5 276 0.018

10 9 199 0.045 10 233 0.043 10 242 0.041 9 241 0.037 10 277 0.036

avg. re 0.028 0.024 0.023 0.021 0.020

identify the level of trade-off where practicable solutions are located in Fig. 5, which
shows the Pareto fronts obtained by both algorithms for Rivera (m = 10 and 500
GRASP iterations). Moreover, we can observe that the overall relative efficiency of
WS seems to degrade as we increase the number of GRASP iterations used in the
single-objective algorithm. This means that whenever we decide to increase the ac-
curacy of the approximated results, it is more beneficial to adopt the multi-objective
approach.

The tendency of the overall relative efficiency is monotonic for the case of Rivera;
for Mandl, the observation is valid for high values of GRASP iterations. We used
small values of m since we have limited computational resources (one GRASP iter-
ation takes 0.25 seconds for Mandl, while it takes 25 seconds for Rivera). For real
cases, although we are not assuming anything concerning the method used by the de-
cision maker to analyze the set of non-dominated solutions, we consider that it is not
desirable to use a high number of different vectors of weights in the Weighted Sum
Method.

In order to investigate the behavior of the algorithms for a high number of weight
vectors, we tested for m = 100 with Mandl, and we observed the following progres-
sion (0.033; 0.104; 0.126; 0.103; 0.102) of the relative efficiency according to the
number of GRASP iterations (10; 50; 100; 200; 500). This suggests that whenever
we allow the Weighted Sum Method a more dense coverage of the objective space,
the multi-objective approach will need more computational effort to improve its rel-
ative efficiency.

6 Conclusions and future work

We show that the proposed multi-objective algorithm produces a diverse set of non-
dominated solutions in a single run. Existing and proposed measures are presented,
which can be useful for the decision maker to characterize a given solution of the
Pareto front, with respect to the interests of both users and operators. The obtained
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Fig. 5 Non-dominated solutions obtained by both algorithms for the case of Rivera

solutions dominated other solutions published in the literature. We also show that
the multi-objective approach is more efficient than the Weighted Sum Method, in the
sense that it produces more non-dominated solutions with the same computational
effort.

For future research, we identify several directions. The hypothesis of inelastic de-
mand is used to simplify the model. However, for some cases elastic demand must be
considered in order to model the changes in the origin-destination matrix according
to the supply of public transport. Elastic demand has been incorporated to the TNDP
in Fan and Machemehl (2004), Hasselström (1981), Lee and Vuchic (2005) and a
challenging work consists in trying to incorporate this characteristic to the presented
multi-objective approach.

We note that the presented numerical results lack of an evaluation of the closeness
to the optimal Pareto front (which was not available). A possible way to accomplish
that evaluation consists in implementing a modified version of the GRASP based
algorithm to solve a different optimization model (for example (Borndörfer et al.
2007), for which a mathematical programming formulation is available).

Most metaheuristics for the TNDP are implementations of Genetic Algorithms
(Ngamchai and Lovell 2003; Rao Krishna et al. 2000; Tom and Mohan 2003) for
single-objective optimization. These ideas can be used to design multi-objective ver-
sions, since there are several applications of genetic algorithms for multi-objective
optimization (Coello 2000; Deb 2001).

We observe that parallel implementations have improved the performance of sev-
eral metaheuristic based algorithms; this is the case of many GRASP based algo-
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rithms (Resende and Ribeiro 2003) as well as the parallel Genetic Algorithm for the
TNDP of Agrawal and Tom (2004). A parallel version of the GRASP TNDP algo-
rithm could improve the performance of its original version, this can be useful when
applying the algorithm to instances of realistic size.
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